High-energy Coulomb corrections to the parameters of the Molière multiple scattering theory are obtained. Numerical calculations are presented in the range of the nuclear charge number of the target atom 6 Z 92. It is shown that these corrections have a large value for sufficiently heavy elements of the target material and should be taken into account in describing high-energy experiments with nuclear targets.
B
a and also the parameters b, B, and θ 2 of the Molière expansion method [9] .
Molière's theory is of interest for numerous applications related to particle transport in matter; is widely used in most of the transport codes; and also presents the most used tool for taking into account the multiple scattering effects in experimental data processing (the DIRAC experiment [10] like many others [11] [12] [13] ).
As the Molière theory is currently used roughly for 1 MeV-200 GeV proton beams [11, 14] and extremely high energy cosmic rays and can be applied to investigate the IceCubes neutrino-induced showers [15] with energies above 1 PeV [16] , the role of the high-energy CC to the parameters of this theory becomes significant. Of especial importance is the Coulomb correction to the screening angular parameter, as just this single parameter enters into other important quantities of the Molière theory and describes the scattering.
In his original paper, Molière obtained an approximate semianalytical expression for this parameter, valid to second order in ξ, where only first term is determined quite accurately, while the coefficient in the second term is found numerically and approximately.
In this work, we obtained for χ a and some other parameters of the Molière theory exact analytical results valid to all orders in ξ. We also evaluated numerically Coulomb corrections to the Born approximation of these parameters accounting all orders in ξ over the range 6 Z 92. Additionally, we estimated the accuracy of the Molière theory in determining the screening angle. This Letter is organized as follows: We start from the consideration of the standard approach to the multiple scattering theory proposed by Molière. Then we obtain the analytical and numerical results for the Coulomb corrections to the parameters of the Molière theory. Finally, we briefly summarize our findings.
Molière multiple scattering theory. Multiple scattering of charged high-energy particles in the Coulomb field of nuclei, perpendicular to the incident particle direction, is a diffusion process in the angular plane of (θ, φ) = χ. We assume χ = sin θ ≈ θ ≪ 1; also we define σ(χ)χ dχ dφ as the differential cross section for the single elastic scattering into the angular interval χ, χ + dχ. Define now W (θ, t)θdθ as the number of projectiles scattered in the angular interval dθ after traveling through an absorber of a thickness t and its normalization condition W (θ, t)θdθ = 1. For a homogeneous absorber and fast charged particles, within the small-angle approximation, the standard transport equation can be used [17, 18] :
Here n is the density of the scattering centers per unit volume; d 2 χ = χdχdφ/(2π), and φ denotes the azimuthal angle of the vector χ. The first term in the right-hand side describes the decrease in the number of projectiles from the cone θ; and the second one, the increase in the cone from the outside of the cone.
Following Molière [9, 18] , we introduce the Bessel transformation of distribution
For g(η, t), using the folding theorem we obtain
Its solution is
Inserting this expression in the Bessel transform of the distribution function (3), we get
Let us write
The quantity q(χ) is the ratio of the actual differential scattering cross section to the Rutherford one; it describes the deviation of the real potential from the Coulomb one. The Rutherford scattering cross section is determined by
where dO = sin θdθdφ represents the angular phase volume, e is the elementary charge, m and v are the mass of the charged scattered particle and its velocity at large distances from the scattering center which is assumed to be at rest, r is the distance between them, U (r) is the unscreened Coulomb potential U (r) = zZe 2 /r, z denotes the charge number of the scattered particle, e 2 / c = 4πα, and α = 1/137 is the fine structure constant. For the screened potential, the differential scattering cross section reads
where χ 0 = /pa, a = 0.885 a 0 Z −1/3 , p = mv, and the total cross for the single elastic scattering becomes
Here a 0 is the Bohr radius, and a is the Fermi radius of the target atom. If the target thickness satisfies the condition t ≪ l, where l = 1/(nσ), the distribution function can be written as
where σ(θ) is the particle interaction cross section with a separate scattering center. In this case it represents the single-scattering probability. In the case when t ≫ l, the accounting of the multiple scattering is necessary, and the distribution function should be determined by (7) . For the reasonable thickness, the width of the multiple scattering distribution is very large compared with χ 0 . The quantity q(χ) is equal to unity for large values of χ ≥ χ 0 and tends to zero at χ = 0. It contains deviation from the Rutherford formulae due to the effects of screening of atomic electrons and the Coulomb corrections arising from multi-photon exchanges between the scattered particle and the atomic nuclei. The main χ values belong to the region χ ∼ χ 0 .
The physical meaning of χ c can be understood from the requirement that the probability of scattering on the angles exceeding χ c is unity:
This formula is based on the Rutherford cross section and is the definition of the angle χ c . We replace Z 2 → Z(Z + 1) keeping in mind the scattering on atomic electrons. Below, we assume that z = 1.
Typically, χ c /χ 0 ∼ 100. In terms of χ c , the solution of (4) can be represented as follows [9, 18] :
Introducing some quantity k from the region (χ 0 , χ c ), χ 0 ≪ k ≪ χ c , and considering the contribution of the range χ < k, Molière introduced the notation of the screening angle χ a
One of the most important results of the Molière theory is that the scattering is described by a single parameter, the screening angle χ a (χ
where C E = 0.577 . . . is the Euler constant. More precisely, the angular distribution depends only on the logarithmic ratio b
of the characteristic angle χ c describing the foil thickness
to the screening angle χ ′ a , which characterizes the scattering atom. In order to obtain a result valid for large angles, Molière defined a new parameter B by the transcendental equation
The angular distribution function can be written then as
where θ 2 is the mean square scattering angle. The Molière expansion method is to consider the term y 2 ln(y 2 /4)/4B as a small parameter. This allows expansion of the angular distribution function in a power series in 1/B:
in which
This method is valid for B ≥ 4.5 and θ 2 < 1.
In order to obtain a result valid for large angles χ and also for large ξ = Zα/β, Molière used the WKB method and a rather rough approximation in describing the screening angle:
This formula is determined only up to second order in ξ; its coefficient in the second term is found approximately using an interpolation scheme. Below we will use the eikonal approximation to obtain an exact analytical expression for the Coulomb correction to the Born screening angle χ B a = √ 1.13χ 0 . The accuracy of the eikonal approximation used below is the accuracy of the small-angle approximation [19] , i.e. 1 + O (χ 0 /χ c ) = 1 + O(10 −2 ), which is better than one percent. Coulomb correction to the screening angular parameter. Recall now the relations for the scattering amplitude in the eikonal approximation (see, e.g., [19, 20] ):
where q is the momentum transfer, (z, b) are the longitudinal and transverse coordinates respectively, and φ(b) is the eikonal phase in the case of the screened Coulomb potential with the Thomas-Fermi atom radius a and the modified Bessel function K 0 (b/a). It is convenient to introduce a two-dimensional potential V (b) that appears in the Landau-Pomeranchuk-Migdal effect theory when solving a transport equation (see Appendix A in [7] ):
The equation for the potential V (b) can be written (after performing the angular integration) as
Comparing this result with
in which N 0 − N (η) = − ln g(η), we obtain the similarity with (26) when accepting qb = ηχ, q = pη, b = χ/p, p = mv. So the problem of deviation of the potential V (b) from the Born one V B (b)
where x = γ b, and γ is the usual relativistic factor of the scattered particle, is similar to our problem of deviation of the screening angle in the eikonal approximation from its Born value:
with the Coulomb corrections The two-dimensional integral calculated in [7] turns out to be an universal function of the Born parameter ξ which is also known as the Bethe-Maximon function:
From (29), we obtain
with C E = −ψ(1) and the digamma function ψ. Here we use the smallness of the ratios x/a ≪ 1, b ∼ x ≪ a and apply the relevant asymptotes of the Bessel function
. The main reason of such derivation of relations (29) and (31) is the significantly different regions of contributions of the screening effects and the Coulomb corrections. Really, the last ones play the main role in the region of small impact parameters, where the number of atom electrons is small and the screening effects are negligible. These results are valid in the ultra-relativistic case considered in [7] . They can also be obtained by using the technique developed in [4] .
In order to calculate in ξ the exact absolute correction ∆ CC [ln χ 
we must first calculate the values of the function f (ξ) = Re ψ(1 + iξ) + C E . The digamma series
where ζ is the Riemann zeta function and |ξ| < 1, leads to the corresponding power series for Re ψ(1+iξ) = Re ψ(iξ) and |ξ| < 2:
[n(n 2 + ξ 2 )] −1 can be represented in this cases as [21] 
The calculation results for function f (ξ) (33) and the relative Coulomb correction δ CC [χ a ] (32) at β = 1 and z = 1 are given in Table 1 (see also Figure 1 ). During our analysis, we omit systematically the contribution of an order of α compared with that of an order of 1. We emphasize that only the ultrarelativistic case is considered during our numerical calculations, so β = v/c = 1. 
For this purpose, we rewrite (23) as
In order to obtain the relative difference between the approximate χ M a and exact χ a results for the screening angle
we rewrite (32) and (35) in the form
and obtain the expression
We calculate also the Coulomb corrections to other important parameters of the Molière theory. Inserting (17) into (19) and differentiating the latter, we arrive at
Accounting for θ 2 = χ 2 c B (22), we get
Finally, the relative Coulomb corrections can be represented as
The Z dependence of the corrections (32), (33), (39), (40), (42), and the relative differences (34), (38) are presented in Table 1 . Some results from Table 1 are illustrated in Figure 1 . Table 1 shows that while the modulus of δ CC θ 2 value reaches only about 5% for high Z targets, the maximum δ CC [χ a ] value is an order of magnitude higher and amounts approximately to 50% for Z = 92. It is also obvious that whereas the relative difference δ CCM between exact and approximate results (34) and (38) varies between 17 and 28% over the range 6 Z 92 for the relative Coulomb correction δ CC [χ a ] to the screening angle, it reaches only about 6% for the screening angle χ a itself at Z = 92. As can be seen from Table 1 Summary. Within the eikonal approach, we have obtained exact analytical results for the Coulomb corrections to the parameters χ ′ a , χ a , b, B, and θ 2 of the Molière expansion method. We estimated numerically these Coulomb corrections to the parameters of the Molière theory for homogeneous absorbers with no energy loss and ultra-relativistic charged projectiles over the range 6 Z 92 (β = 1, z = 1), and we found that the corrections ∆ CC [ln χ . These large Coulomb corrections should be taken into account in the description of high-energy experiments with nuclear targets. The accuracy of the Molière theory in determining the screening angle must also be borne in mind.
